In the present investigation we study the leading and subleading high-energy behavior of hadronhadron total cross sections using a best-fit analysis of hadronic scattering data. The parametrization used for the hadron-hadron total cross sections at high energy is inspired by recent results obtained by Giordano and Meggiolaro (2014) using a nonperturbative approach in the framework of QCD and it reads σ tot ∼ B ln 2 s + C ln s ln ln s. Both B and C are obtained by means of best-fits to data for proton-proton and antiproton-proton scattering, including recent data obtained at the LHC, and also to data for other meson-baryon and baryon-baryon scattering processes. The results are compared to the theoretical predictions existing in the literature. In particular, following the above-mentioned nonperturbative QCD approach, we also consider fits where the parameters B and C are set to B = κB th and C = κC th , where B th and C th are universal quantities related to the QCD stable spectrum, while κ (treated as an extra free parameter) is related to the asymptotic value of the ratio σ el /σ tot . Different possible scenarios are then considered and compared. *
I. INTRODUCTION
It is widely believed that the correct description of the strong interaction between quarks and gluons is provided by Quantum Chromodynamics (QCD), a belief supported by the numerous experimental verifications obtained in more than forty years. There are, however, energy regimes where the comparison between theory and experiment has not been performed yet, due to the lack of a theoretical prediction from the first principles of QCD. Such regimes are those where a major role is played by the nonperturbative dynamical aspects of QCD, which are notoriously very difficult to study. A successful comparison of experiment and theory in one of these regimes would certainly provide even stronger support to QCD being the appropriate description of strong interactions.
The total cross section (σ tot ) for hadron-hadron scattering processes at high energy is one of the best known observables for which a fully satisfactory prediction from first principles
is not yet available. The reasons why the theoretical study of this quantity in QCD is extremely difficult is better understood recalling the relation between σ tot and the forward scattering amplitude provided by the optical theorem, which at high energy reads
where s is the total center-of-mass energy squared and t = − q 2 is the transferred momentum squared. The optical theorem shows that the study of σ tot requires the understanding of QCD in the regime of very low momentum transfer where the strong coupling constant becomes large [1] , i.e., deep in the nonperturbative regime. On the other hand, at large s one cannot employ the main tool used in nonperturbative investigations of QCD, namely the lattice formulation of the theory, to compute directly the relevant quantities. The most interesting features of σ tot , which should be explained by QCD, are its increase with energy at large energy, and the fact that the leading term is apparently universal, i.e., independent of the type of particles initiating the process.
More generally, the same limitations discussed above apply to the study of soft highenergy hadron-hadron scattering, i.e., scattering at large s and small |t| 1 GeV 2 . Consequently, a full, model-independent description, obtained from the first principles of QCD,
is not yet available for processes such as forward and near-forward elastic scattering. The study of soft high-energy physics has so far mostly proceeded through phenomenological models (for a recent review see Ref. [2] ), on one side, and through general results obtained using basic properties of the theory, like unitarity and analyticity. Such general results are usually incorporated in the phenomenological models, for example exploiting them to set constraints on the functional form of observables concerning their dependence on energy and momentum transfer. Regarding hadronic total cross sections, the most important such result is probably the Froissart-Lukaszuk-Martin (FLM) bound [3] [4] [5] , which states that σ tot cannot grow asymptotically faster than ln 2 s, i.e.,
where √ s 0 is an undetermined energy scale, and the coefficient B FLM is also bounded,
with m π the π 0 mass. The FLM bound and the theory of Regge poles (see, e.g., Refs. [6, 7] )
are the inspiring principles behind the currently most successful phenomenological description of the experimental results for hadronic total cross sections (see below).
The recent measurements of σ tot at the Large Hadron Collider (LHC) at CERN have brought back the attention to the energy dependence of this quantity at high energy, with several new phenomenological analyses of the data (see Ref. [2] and references therein). Such measurements, made by the TOTEM Collaboration at √ s = 7 TeV and √ s = 8 TeV [8] [9] [10] [11] [12] , and by the ATLAS Collaboration at √ s = 7 TeV [13] , are currently the highest-energy measurements performed at colliders. Recently there have also been some advancements on the theoretical side. Two of us have obtained the leading behavior of the total cross section for meson-meson scattering [14] in the framework of the nonperturbative approach to soft high-energy scattering in QCD proposed long ago by Nachtmann [15] , and later developed by several authors [16] [17] [18] [19] [20] . In this approach the relevant scattering amplitudes are related to the correlation functions (in the sense of the functional integral) of certain Wilson loops, describing the classical trajectories of the colliding mesons. It has been argued that the same correlation functions should be relevant to the description of scattering processes involving baryons as well [17] , so the results of Ref. [14] should apply to general hadronic processes.
Under certain assumptions, the leading asymptotic energy dependence turns out to be of the "Froissart" type, i.e., proportional to ln 2 s, with a universal prefactor, independent of the type of particles involved. More precisely, the first two leading terms in energy read
where σ ab tot denotes the total cross section for the scattering of hadrons a and b with masses m a and m b , respectively, and s ab 0 = m a m b . The coefficients B and C are equal to κB th and κC th , respectively, where B th and C th are universal quantities related to the QCD stable spectrum, while the coefficient κ is, at the present stage, an undetermined real number with 0 ≤ κ ≤ 2, connected to the asymptotic ratio between the total elastic cross section (σ el ) and the total cross section as σ el /σ tot = κ/2. As experiments suggest universality of the ln 2 s term, it is natural to assume that κ is universal as well. Making more detailed assumptions on κ, e.g., that a black-disk behavior is attained at high energy (κ = 1), it is then possible to provide a prediction for the coefficient of the leading term in σ tot , which turns out to be in fair agreement with the experimental results. Since a fair amount of assumptions is involved in the derivation, this result cannot be claimed to be "the" prediction of QCD. Nevertheless, to the best of our knowledge, this is the closest to a prediction that one has come so far.
We point out that a subleading term of the form ln s · ln ln s has appeared in other approaches to the study of σ tot , namely (i) in a bound for the "energy-averaged" total cross section obtained by Martin and Roy [21] , (ii) in a revision of Heisenberg's model made by Nastase and Sonnenschein [22] , where they assume that the Froissart bound is saturated, and (iii) in an improvement of the FLM bound in the AdS/CFT approach made by Díez et al. [23] .
Regardless of its origin, the expression eq. (4) provides a perfectly good parametrization of the total cross section at high energy, that can be used to fit the experimental results, treating B and C as fitting parameters. It is then legitimate to investigate whether in this way one can improve over the currently most successful parametrizations, where this term is absent. In particular, given that new experimental information is now available at higher energies, one may ask whether the asymptotic subleading contribution in eq. (4) is already visible at LHC energies and, if so, how much this contribution is. The main purpose of the present analysis is precisely to test the functional form eq. (4), by means of fits to pp andpp data, and by comprehensive fits to all the available data for meson-baryon and baryon-baryon scattering.
Besides this general purpose, our analysis allows to test the viability of the various approaches leading to an expression like eq. (4) for the total cross section. In particular, as already mentioned above, in the approach of Ref. [14] B and C are related to the QCD spectrum and to the elastic-to-total cross section ratio: this puts severe constraints on the allowed values of B and C. In pursuing this line of investigation, the coefficients B and C can either be fixed to their theoretical prediction, or treated as free parameters when fitting the experimental data.
The paper is organized as follows. In section II we present a summary of some useful basic relations, and the results of Ref. [14] that constitute the basis of the present analysis.
In section III we discuss the parametrization used in the fits and in section IV we detail the dataset considered. In section V we present and discuss the results obtained in the fits.
Finally, we present our conclusions in section VI.
II. SUMMARY OF THEORETICAL RESULTS
In this section we present a brief summary of the theoretical results of Ref. [14] concerning the asymptotic high-energy behavior of the elastic hadron-hadron scattering amplitude.
The approach employed in Ref. [14] is that originally proposed by Nachtmann [15] for elastic quark-quark scattering, and later expanded by several authors to describe hadronhadron scattering [16] [17] [18] [19] [20] . In this approach, the elastic scattering amplitude in the soft high-energy regime (s → ∞, |t| 1 GeV 2 ) of two mesons a and b with masses m a and m b , respectively, is obtained from the elastic scattering amplitude of two colorless dipoles of fixed transverse size, after folding with appropriate wave functions describing the colliding mesons. In turn, the dipole-dipole scattering amplitude is obtained from the (normalized, connected) correlation function of two Wilson loops in Minkowski space, running along the classical trajectories of the dipoles, in the limit of infinite longitudinal extension of the loops. Exploiting analytic continuation [24] [25] [26] [27] [28] [29] [30] , it is possible to reconstruct these correlation functions from their Euclidean counterparts, which in turn can be related to the QCD spectrum by appropriately inserting a complete set of states between the two Wilson-loop operators. Under certain analyticity assumptions, discussed in detail in Ref. [14] , it is then possible to derive the asymptotic behavior of the Minkowskian correlators at large energy and large impact parameter (which is the transverse distance between the classical trajectories of the incident particles), from which the elastic amplitude and the total cross section are finally obtained. The same chain of arguments can be used in the case of processes involving baryons, since similar Wilson-loop correlation functions are involved in the calculation of the corresponding scattering amplitudes [17] , and the detailed transverse geometry of the Wilson loops plays no role in the derivation of Ref. [14] . The results discussed below are therefore expected to be valid in more general hadronic processes than just meson-meson scattering. For more details, we invite the interested reader to confer the original references.
In Ref. [14] the elastic scattering amplitude was computed assuming that for asymptotically large energies one finds a black-disk behavior, corresponding to the Minkowskian
Wilson-loop correlator tending to zero as the energy goes to infinity, for sufficiently large but fixed impact parameter. It is straightforward to generalize this result to the case where this correlator tends to a nonzero constant κ − 1, which we assume to be independent of the transverse size of the loops. Analiticity requires κ to be real, and unitarity then requires that κ ∈ [0, 2]. One then finds
with W the Lambert W function [31] , and χ = ln(s/s ab 0 ) with s ab 0 = m a m b . In the equations above,s andm are, respectively, the spin and mass of the particle in the QCD stable spectrum that maximizes the ratio
where s p and m p are the spin and the mass of particle p. By "QCD stable spectrum" we mean here all those particles that are stable when strong interactions are considered in isolation. The assumed independence of κ on the transverse size of the dipoles implies that the scattering amplitude eq. (5), obtained after trivially folding with the hadronic wave functions, is a universal function of x.
Taking the limit t → 0 in eq. (5) and using the optical theorem eq. (1), we get for the total cross section
Using now eq. (6), we obtain, up to first subleading order, 
with
Notice the relations
We then find that in the limit s → ∞ both the leading and the subleading term in the total cross section are independent of the scattering particles.
We also want to mention that in Ref. [14] another subleading term of order O(ln s), i.e., Q ab ln(s/s ab 0 ), was also found (and such a term is also present in the analysis of Ref. [23] ). Contrary to the leading and subleading terms discussed above, the coefficient Q ab is expected to depend on the colliding particles, even if our assumption on κ is met.
In Ref. [14] the values of B th and C th were estimated by maximizing the ratio eq. (7) over the higher-spin, QCD stable spectrum. The resulting "dominant" particle was found to be the Ω ± baryon, with mass m Ω ± ≈ 1.67 GeV and spin 3/2, that yields [using eq. 
One of the assumptions in Nachtmann's approach is that the processes of splitting and annihilation of partons inside hadrons can be neglected over a small time window around collision time [15] . The description of hadrons in terms of dipoles is therefore perhaps better justified in the quenched limit of the theory. In this case the relevant spectrum over which one has to maximize eq. (7) is the glueball spectrum of the pure-gauge theory. 
The value of B th obtained using the Ω ± baryon is the closest to the values of B published in the Review of Particle Physics by the Particle Data Group (PDG). In the 2014 edition, fits to forward quantities using energies √ s ≥ 5 GeV yielded B PDG = 0.2704 ± 0.0038 mb [33] ;
in the 2016 edition the revised value is 0.2720 ± 0.0024 mb, obtained from a fit to data with √ s ≥ 5 GeV and including the most recent measurements at the LHC [34] .
From the amplitude eq. (5) one can easily calculate the asymptotic behavior of the total elastic cross section σ ab el using
and assuming that the small-t region gives the dominant contribution. From this result and from eq. (9), we obtain σ
Eqs. (5) and (16) show that, if κ < 1 (i.e., σ el /σ tot < 1/2), the elastic scattering amplitude We want to stress the fact that so far we have assumed that κ is a universal parameter. Although this assumption is made plausible by the observed universality of total cross sections at high energy, a more general analysis should start with a particle-dependent parameter, κ ab , and universality should then emerge from the fit results rather than being imposed a priori. This would however increase considerably the number of fitting parameters. Therefore, even if this case is not the most general one, we will consider κ as a universal parameter in the present analysis.
III. PARAMETRIZATION OF THE TOTAL CROSS SECTION
In this work we want to study the leading and subleading high-energy behavior of hadronhadron total cross sections using a best-fit analysis of hadronic scattering data. The available data of highest energy (excluding cosmic rays) are those for pp scattering at 8 TeV at the LHC [12, 38, 39] and forpp scattering at 1.8 TeV at the Tevatron. If we want to include also data from other meson-baryon and baryon-baryon scattering processes (which are available only for √ s 25 GeV), we need a parametrization for the low-energy region as well. In this 1 We remind the reader that if one expresses the elastic amplitude F (s, t) in terms of the profile function Γ(s, b), i.e. (assuming azimuthal symmetry) [7, 35] , F (s, t) = 4πis
b the absolute value of the impact parameter, then the so-called grey disk of radius R(s) is a simple
, and Γ GD (s, b) = 0 for b > R(s), which leads to
/ √ −t and, using eq. (15) and the optical theorem eq. (1), to
section we present our parametrization for the total cross section and we fix the notation for the best-fit variants considered in our analysis.
We will divide the total cross section in two parts, aimed at describing the low-energy (LE) and the high-energy (HE) regions, respectively:
As usual in the literature, we parametrize the energy dependence of σ tot (s) at low energy by means of Reggeon exchange in the t-channel [6, 7] . The Reggeon-exchange contribution reads
where A ab i is associated to the residue function and b i to the intercept of the Reggeon trajectory α i (t), i.e., b i = 1 − α i (0). We consider two Reggeon contributions: the index i = 1 corresponds to a trajectory with even signature, while i = 2 corresponds to a trajectory with odd signature. The latter contributes with a minus sign to ab scattering and with a plus sign to the crossed channel,āb. Summarizing, the low-energy parametrization reads
The high-energy contribution is parametrized by adding to the leading (∼ ln 2 s) and subleading (∼ ln s · ln ln s) terms also a constant term A ab P (which is usually understood as the contribution of the critical Pomeron, i.e., a simple pole in the complex angular-momentum plane with intercept α P (0) = 1); 3 i.e.:
where, following the analysis of Ref. [14] (briefly recalled in sec. II), B and C are treated as universal parameters, while A ab P , as well as A ab 1 and A ab 2 , are reaction-dependent. As already said at the end of sec. II, we shall also assume (as in Ref. [14] ) that κ is independent of the properties of the scattering particles. We consider the energy scale to be a fixed parameter and to depend only on the masses of the scattering particles, s ab 0 = m a m b . 2 In the left-hand side of the equation, a + ≡ a represents a positive-charge particle, while a − ≡ā corresponds to its negative-charge antiparticle. 3 Actually, a constant term A ab P could also originate from the sum of the critical (i.e., simple-pole) Pomeron with the constant term generated by higher-order singularities, e.g., a triple-pole Pomeron (which also gives a ln 2 s term). In any case, however, its value is obviously affected by the choice of the energy scale in the leading and subleading terms in eq. (20) (see also the discussion at the end of this section).
Summarizing, A ab i (mb), b i (dimensionless) and A ab P (mb) are always free parameters to be determined in the fits. The parameters B (mb), C (mb) and κ (dimensionless) can be fixed or free, as detailed below in the descriptions of our variants of fits.
The names of the variants are written using the following notation: LT stands for Leading Term, SLT for Sub Leading Term, the subscript "th" refers to the case where we fix B (LT th ) or both B and C (SLT th ) to the theoretical values discussed in section II, and the subscript "κ" indicates that the parameter κ is free. The variants considered here are the following:
• LT: C = 0 and κ = 1 are fixed parameters, while B is free. This case (in which the subleading term is absent) corresponds essentially to the parametrization used by the PDG in their analysis of forward data [34] and to the highest-rank result obtained by the COMPETE Collaboration [40] (see below for more details).
• SLT: κ = 1 is fixed, while B and C are free parameters. This case corresponds to the previous parametrization with the inclusion of the subleading term.
• LT th : B = B th , C = 0 and κ = 1 are fixed parameters. This variant has B fixed to the theoretical values discussed in sec. II and no subleading term.
• SLT th : B = B th , C = C th and κ = 1 are fixed parameters. This variant has both B and C fixed to the theoretical values discussed in sec. II.
• SLT th,κ : B = B th and C = C th are fixed parameters, while κ is a free parameter.
The main difference between our LT parametrization, the highest-rank result by COM-PETE, and the PDG parametrization, is in the energy scale appearing in the leading term ln 2 s. In the COMPETE analysis, the energy scale s 0 is a free parameter, which does not depend on the scattering particles. Our energy scale, on the other hand, is fixed and depends only on the masses of the scattering particles, s ab 0 = m a m b . In the PDG analysis this scale depends on the masses of the colliding particles and on a universal mass scale also entering their parametrization of the coefficient B, so it contains both a fixed and a free part. All in all, this results in the three parametrizations differing pairwise by a particle-dependent term of order O(ln s) (besides a particle-dependent constant term that can be reabsorbed in 
IV. DATASET AND METHODOLOGY
In this section we describe our dataset and the methodology used in our fits.
A. Dataset
Our dataset comprises data from meson-baryon and baryon-baryon scattering, namely pp,pp, pn,pn, π ± p, K ± p, K ± n, with cutoff energy √ s min = 5 GeV (so that we are well above the resonance region). This cutoff energy is the same used in the highest-rank result by the COMPETE Collaboration [40] and in the PDG analysis [34] . Only data obtained in accelerator experiments were included in the fits, i.e., no cosmic rays data were considered, and the datasets are those available at the PDG website [41].
For pp scattering, besides the data already in the PDG dataset at 7 TeV, we have included further data at 7 and 8 TeV obtained by the TOTEM and ATLAS Collaborations, namely, the luminosity-independent measurement at 7 TeV [10] , the first measurement at 8 TeV [11] and the values of σ tot obtained together with the ρ value at 8 TeV from the CoulombNuclear interference region in the differential cross section data [12] by the TOTEM Collaboration, and the measurement at 7 TeV by the ATLAS Collaboration [13] . This information is summarized in table I. Our dataset therefore comprises data with energy in the range
Cosmic-ray data [42] [43] [44] In all the cases, we have treated the datapoints as independent, including those that have the same energy. For all data we have considered statistic and systematic uncertainties added in quadrature.
We stress that we are not including data from reactions that involve photons or deuterons and we do not constrain our fits using the data for the ρ parameter, as it is done by COM-PETE and PDG.
Finally, we mention that there are 9 points available for Σ − p scattering in the energy 
B. Methodology
We first consider fits using our parametrization, eqs. (17) and (19)- (20) , to data from pp andpp scattering only. This pair of reactions constitutes the set with available data in the largest energy range. Since the subleading term of interest here is expected to be relevant at high energies, it is important to estimate its contribution without much weight from the low-energy data from other reactions. Nevertheless, we have also considered fits to all the data for the hadron-hadron processes shown in table II.
In order to start from a solid and updated result, we decided to use as initial values for the LT fit the results presented in PDG 2016 [34] , and then use the results of LT as initial values for the SLT fit. In this way, fitting first LT (that essentially corresponds to the PDG parametrization, as we have already observed above) we create a reference for discussing differences when we include the subleading term as well (SLT), instead of comparing directly to the PDG result. This procedure, however, turned out to be problematic in the fit to all We use the reduced chi-squared (χ 2 /ν, where ν is the number of degrees of freedom) as a measure of the quality of the fit [45, 46] . However, we do not base our preference for a result over another on small differences in the value of this quantity, since the inclusion of both statistical and systematic uncertainties puts some limits on the use of this test. It is important to note that some data obtained by the TOTEM Collaboration do not have statistical uncertainty (as can be seen in the caption of table 1 in Ref. [10] ).
The fits were performed with the class TMinuit from the ROOT Framework [47] with 1σ of confidence level.
V. FIT RESULTS
In this section we present the results obtained in our fits, first to pp andpp data only, and later to all reactions, considering all variants described above in sec. III. Finally, we compare and discuss our results.
A. Fits to pp andpp Data
The parameters obtained in fits to pp andpp data with LT and SLT are shown in 
Fits with LT and SLT
The results obtained with variants LT and SLT provide a good description of the experimental data. Although there is a small decrease in the value of χ 2 /ν going from LT to SLT, nevertheless, as discussed in section IV B, we cannot favor one variant over the other on the basis of this value. Given that both are 1, we can say that both variants result in good fits to the data.
Interestingly enough, the LT fit yields for B a value close to the theoretical prediction B th obtained in Ref. [14] using the mass and spin of the Ω ± baryon.
With SLT we have obtained C < 0 and C = 0 within the uncertainty. The negative value of C causes an increase in the B parameter and also in A P to compensate for the negative contribution of the subleading term. The uncertainty on A P increases one order of magnitude, but the relative uncertainty is still small (∼ 5.6%).
Given the small difference mentioned above between the values of χ 2 /ν obtained with LT and SLT, we cannot claim that the fit with the subleading term represents an improvement by COMPETE in Ref. [40] , when discussing their highest-rank result (similar to LT). In that case, the degeneracy of the Reggeon intercepts was ascribed to a decreasing contribution of the log-squared term for s < s h , where s h is the energy scale determined in the fit.
In Ref. [23] , Díez, Godbole and Sinha performed fits to σ tot data from pp andpp scattering in order to determine what is the dominant subleading contribution to σ tot between ln s and ln s ln ln s (see section II). They also parametrize the low-energy contributions to σ tot with Reggeon terms, however fixing some of the parameters according to the expectations from Regge theory, and some others using sum rules in the resonance region (following the works by Block and Halzen [49] ). Their analysis favors the ln s term over the ln s ln ln s one. Their approach differs from ours mainly in two aspects: (i) they fix low-energy parameters, which we do not, and (ii) they do not address the question of the dependence on the colliding particles, while in Ref. [14] it is argued that the ln s ln ln s is universal, while the ln s term is reaction dependent.
In the present analysis we want to investigate only the universal terms, leaving the ln s contribution to a future study. In fact, the inclusion of this kind of term would increase the number of free parameters, especially in the fits to all reactions. We think that for the time being it is better to keep the fits as simple as possible and avoid a large number of parameters. have already remarked. The other parameters and the value of χ 2 /ν present small variations compared to LT. We also have a good description of the experimental data (see figure 3 ).
On the other hand, in SLT th , where now C = C th is fixed, the result is not satisfactory as with the previous variant. In fact, the value of χ 2 /ν is considerably high, indicating a poor description of the data. This can be seen in figure 3: Besides this, the fits present a non-positive-definite error matrix. In this case, although the fit has converged, we cannot fully trust the uncertainties estimated for the free parameters [45] , and so the results of our fit in general. For these reasons we have decided not to show the results in table IV. For the sake of completeness, we mention that the intercept b 1 of the even Reggeon trajectory is very small compared with that obtained in the other cases and that we have a negative "constant" Pomeron contribution (A P < 0).
The description of data are similar for the two variants, with overestimation of σ tot at LHC energies. (14)]. In these cases, the minimizer did not converge and, therefore, no fit results were obtained.
d. Fits with SLT th,κ (κ free, B = B th , C = C th ). In these variants we consider both B and C fixed with κ free. The parameters obtained with these fits are shown in table IV.
With these variants we can estimate which of the scenarios discussed after eq. (16) is realized In all the cases considered for the B th and C th values, the fits are of good quality (χ 2 /ν 1) with small differences in the χ 2 value among them. We see small variations of some parameters, for instance, A 1 , b 1 and A P . Apart from these differences, the quality of the matching between the fitted curve and the experimental data is the same in the fitted energy range for all cases. Indeed, as can be seen in the inset of fig. 4 , the difference at LHC energies is very small and the results start to be appreciably different only at cosmic-ray energies.
Regarding the value of κ, using the values of B th and C th obtained from the Ω ± baryon, we get κ > 1, therefore an antishadowing scenario. For the glueball cases, we get κ < 1, hence a grey-disk scenario, the value obtained with the 2 ++ glueball being larger than that obtained with the 3 +− .
B. Fits to All Reactions
In this section we present and discuss the results obtained from fits to the full dataset (data from meson-baryon and baryon-baryon scattering) with the variants LT and SLT 
Fits with LT and SLT
The results are presented in table V and in figure 5 . With the LT variant we obtain a good description of the data with χ 2 /ν ∼ 1. The same is true for SLT, that we now discuss in some detail.
As already mentioned above in section IV B, the SLT fit requires some care. Following the same scheme for the choice of initial values as in the analysis of pp andpp data (see fig. 1 ), the resulting fit has a non-positive-definite error matrix. We therefore decided to use the values obtained for the parameters B and C in the fit to pp andpp data with the SLT (table III) instead of the values obtained in the LT fit to all reactions. Namely, we used as error matrix. In the SLT fit to all data we find again C < 0, but with smaller magnitude and uncertainty than in the SLT fit to pp andpp data, although the relative uncertainty is the same (∼ 22%). We attribute this to the presence of more data at low energies. On the other hand, the χ 2 /ν is practically the same. It is important to mention that here we are increasing the effect of low-energy data in the estimation of C compared to the pp/pp fits, since we have more low-energy than high-energy data points in the present dataset.
In fact, we have non-zero correlation coefficients between low-and high-energy parameters, indicating the influence of the low-energy data in the determination of C in the fit (see also Apart from these general aspects of the fits, there is still one point that demands some comments. This point concerns the negative value of the parameter A πp P that appears in LT, while it changes to a positive value in SLT. This is the only negative constant Pomeron contribution (although with large errors) in this set of fits. Taking into account the property of factorization of the residues of the Regge poles [7] (see also the comments in Ref. [40] ), this parameter is expected to be positive. However, factorization is only proven in the case of simple poles and it is valid when only one trajectory dominates [7] . As already commented in footnote 3 in sec. III, A ab P could also originate from the sum of a constant (simple-pole) Pomeron with the constant term coming from higher-order singularities (e.g., a triple-pole Pomeron) and, in any case (see also the discussion at the end of sec. III), its value is affected by the choice of the energy scale in the leading and subleading terms in eq. (20) . Therefore, we cannot exclude this result only on the basis of factorization. On the other hand, even with A πp P < 0, we do not have a negative Pomeron contribution (from the combination of this constant term plus the ln 2 s term) in LT. However, this increase is less than that observed in the fits to pp andpp data only. Contrary to the LT fit, we have that all A i P > 0 in LT th . Regarding the comparison with the data, LT th gives a good description of them, favoring the ATLAS point at 7 TeV in pp/pp, while SLT th does not seem to describe well the pp/pp data with √ s 500 GeV (see fig. 6 ). Concerning the other reactions (where data are at much lower energies than in the pp/pp case), both LT th and SLT th seem to describe data reasonably well (even if, of course, the two variants have a quite different high-energy behavior). overestimate the data at LHC energies, reaching the upper error bar of the TOTEM data.
c. Fits with LT th and SLT th : B and C from the 3 +− glueball state. Again, using the mass and spin of the 3 +− glueball state, the fits did not converge. The agreement between the fitted curve and the data ( fig. 7) is also similar to that achieved when fitting only the pp andpp data: in the energy range of the fit all cases give almost indistinguishable curves, which present small differences in the extrapolation to higher energies. In conclusion, the three choices for B th and C th all give equally good fits.
Concerning the parameter κ, we have κ > 1 for the Ω ± baryon and κ < 1 for the 2 ++ and 3 +− glueball states (with smaller κ in the latter case), as it was also found when fitting pp andpp data only, but with slightly bigger central values.
VI. CONCLUSIONS
In this work we have performed a phenomenological analysis of total cross section data from hadronic scattering in order to estimate the relevance of a subleading ln(s/s 0 ) ln ln(s/s 0 ) term, obtained in recent theoretical studies in nonperturbative QCD [14] (see also Refs. [21] [22] [23] for a similar subleading term). More precisely, we used the following parametrization of the total cross section in the high-energy region:
with s ab 0 = m a m b . The low-energy region was parametrized as usual in terms of Reggeon exchange in the t-channel.
We have determined the parameters B and C through fits (SLT fits) to two datasets with (21) is asymptotic and that the contribution of this subleading term may still be weak, and so difficult to identify, in the LHC energy region.
As discussed in section II, the parameters B and C may be written, following the nonperturbative QCD approach of Ref. [14] , in terms of the spins and the massm of the particle that maximizes the ratio of eq. (7). This yields (apart from a common multiplicative con- 
Of course, we are not able to determine all the three parameters κ,s andm from the knowledge of B and C alone. This lack of information does not concern the spin (which can be exactly determined from the ratio B/C), but only the ratiom/ √ κ (instead of the mass We have also performed fits with B = B th , C = 0 fixed (LT th ) and B = B th , C = C th fixed (SLT th ), using for B th and C th the values discussed in Ref. [14] (and recalled in sec. II), corresponding to the Ω ± baryon and the 2 ++ and 3 +− glueball states. In this class of variants (B and C fixed to theoretical values), the best result is LT th with Ω ± baryon values (both in the pp/pp and all reactions cases).
Finally, we have also considered fits where the B and C parameters are set to B = κB th and C = κC th , with κ treated as an extra free parameter, which is associated to the asymptotic value of the ratio σ el /σ tot [eq. (16)]. In table VII we display all the resulting values together with the corresponding uncertainty (calculated via standard error propagation).
The fits with the Ω ± baryon values indicate an asymptotic scenario in the anti-shadowing regime, since σ el /σ tot > 0.5. On the other hand, the values inferred from the fits with B
and C fixed to the values obtained from the 2 ++ glueball state indicate a grey-disk scenario, with σ el /σ tot ∼ 0.3. This value is in agreement with the asymptotic ratio obtained in other studies:
• empirical fits to the σ el /σ tot data made by Fagundes, Menon and Silva [51] ;
• independent fits to σ tot and σ el data also made by Fagundes, Menon and Silva [48, 50, 52] that yield this ratio close to 0.3;
• the prediction made by Kohara, Ferreira, and Kodama [53] , using the Stochastic Vacuum Model and fits to elastic scattering data, that this ratio is below 1/2 (and close to 1/3);
• the scenario of a black torus proposed by Dremin [54] [55] [56] , where the particle has a semi-transparent center (grey disk ) surrounded by a black disk. This scenario has also been proposed, in a different context, in Refs. [57, 58] .
Using the mass and spin of the 3 +− glueball state, we also get a grey-disk scenario:
however, the resulting asymptotic value is smaller than the experimental data available so far. From table VII, we see that the value for this ratio is around 0.15, while the experimental value at the highest energy obtained so far (8 TeV) is approximately 0.27. Since by now the data show a rising trend with energy (see for instance fig. 1 in Ref. [51] ), this means that if this scenario is the correct one, then the data must present a local maximum and then decrease as the energy increases until it reaches the asymptotic value. Although there seems to be no theoretical reason to exclude this type of behavior, it seems quite unlikely to happen, and we would rather expect a smooth rise with energy until the asymptotic value is reached.
We recall that, as mentioned in section II, the result obtained in Ref. [14] also includes a subleading term Q ab ln s, where Q ab is a reaction-dependent parameter. We avoided this term in the present analysis in order to study the universality of the leading (ln 2 s) and subleading (ln s ln ln s) terms, leaving it to future work. We also remark that the universality of κ is part of our assumptions.
Another important aspect to keep in mind is that ln s ln ln s is a slowly varying function, so that we may need high-energy data in a larger range than what is currently available in order to be able to properly estimate the contribution of the subleading term. Therefore, new measurements of σ tot (and also σ el ) at 13 TeV and higher energies are fundamental to improve and confirm the results presented here. 
